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We introduce a framework to decompose a bosonic mode into two virtual subsystems—a logical
qubit and a gauge mode. This framework allows the entire toolkit of qubit-based quantum infor-
mation to be applied in the continuous-variable setting. We give a detailed example based on a
modular decomposition of the position basis and apply it in two situations. First, we decompose
Gottesman-Kitaev-Preskill grid states and find that the encoded logical state can be damaged due
to entanglement with the gauge mode. Second, we identify and disentangle qubit cluster states
hidden inside of Gaussian continuous-variable cluster states.
Introduction.—Continuous-variable (CV) quantum
computing is experiencing considerable theoretical [1–6]
and experimental [7–13] development due to the promise
of substantial scalability. Practical quantum comput-
ing, however, usually employs finite-dimensional Hilbert
spaces, because error correction and fault tolerance re-
quire digital quantum information [14, 15].
Bosonic codes [16, 17] restore the notion of a qubit in
CV quantum computing by identifying a discrete-variable
Hilbert space (C2 for qubits) within one or more bosonic
modes. The standard approach selects two wavefunc-
tions that define the logical subspace, with the remain-
ing “wilderness space” serving as as resource for error
detection. This corresponds to a subspace decomposition
of the CV Hilbert space, HCV = C2 ⊕Hwild. A notable
example is the Gottesman-Kitaev-Preskill (GKP) encod-
ing [18], which can be combined with measurement-based
quantum computing using CV cluster states to achieve
fault tolerance [19].
Bosonic subspace encodings suffer from several prob-
lems. In contrast to qubit-based subspace codes, a
bosonic-code subspace is vanishingly small compared to
the full CV Hilbert space. In the case of GKP, the code-
words themselves are unphysical, and approximate states
can have little overlap yet represent the same logical in-
formation [20–22]. A formal way to account for this fact
has been lacking. A step towards a solution was given
in Refs [23, 24], which presented a continuous direct-sum
decomposition of the CV Hilbert space using a set of
eigenstates for modular position and momentum.
In this Letter, we describe a framework to encode a
qubit in an entirely different way: by identifying a dis-
crete, logical subsystem using a modular decomposition
of the position basis. The resulting modular bosonic sub-
system code gives a precise description both of a logical
qubit hiding inside the CV Hilbert space and also of the
complementary gauge mode. In contrast to bosonic sub-
space codes [17, 25, 26], a bosonic subsystem code endows
every CV state with logical-qubit information. This is
more practical, as one is not required to construct oper-
ations (measurements and gates) that select only a par-
ticular subspace. Once a trace over the gauge mode is
performed, the CV nature of the mode can be forgotten,
and one can work entirely at the qubit level.
Bosonic subsystem decomposition.—Consider the
division of a finite-dimensional Hilbert space H = CdN
into d orthogonal subspaces, H = ⊕di=1Hi. When
dim(Hi) = N for all i, the subspaces are isomorphic,
and an alternate decomposition of the same Hilbert space
is given by H = Cd ⊗ CN . Interpreted as two vir-
tual subsystems—a dimension-d qudit and a dimension-
N gauge subsystem—a tensor-product basis can be con-
structed [27, 28]. This works equally well for infinite-
dimensional Hilbert spaces, with the additional feature
that the gauge-subsystem Hilbert space can be isomor-
phic to H.
We exploit this idea to encode a qubit (or qudit) into
a bosonic mode. Since the Hilbert space of a mode,
HCV, is infinite dimensional, it can be decomposed into
a qubit (d = 2) and another CV Hilbert space that
is distinct from—but isomorphic to—the original mode,
HCV = C2 ⊗ HCV. We refer to the division of a mode
into two subsystems as a subsystem decomposition.
Subsystem decompositions are not unique (see Conclu-
sion). Here, we construct an illustrative example based
on applying modular arithmetic to the position basis.
This choice allows us to identify a logical-subsystem qubit
that describes and connects two seemingly disparate ob-
jects in CV quantum computation: the GKP encoding
and continuous-variable cluster states.
Bosonic subsystem codes based on modular
position.—A real number s ∈ R can be split into its inte-
ger and fractional parts with respect to a “bin size” α ∈ R
as s = bseα+{s}α, where bseα := αb sα+ 12c indicates clos-
est (centered) integer multiple of α and {s}α := s− bseα
is the (centered) remainder, see Fig. 1(a). We call b·eα
the integer part and {·}α the fractional part of the ob-
ject inside. Using the spectral theorem, any quadrature
operator can be decomposed in this way, such as the po-
sition operator qˆ = 1√
2
(aˆ+ aˆ†). Specifically, qˆ = αmˆ+ uˆ,
where αmˆ := bqˆeα is the integer part of qˆ, and uˆ := {qˆ}α
is its fractional part. Decomposing position eigenstates,
qˆ |s〉q = s |s〉q, we construct simultaneous eigenvectors of
mˆ and uˆ, |s〉q = |αm+ u〉q =: |m,u〉. We call this the
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2Figure 1. Subsystem decomposition of a single mode. (a)
Modular decomposition of the position spectrum (the real
line) into bins of size α. Each bin is centered at mα, with
m labeling the bin and u ∈ [−α/2, α/2) giving the fractional
remainder. Blue/red indicate even/odd values of m. (b) The
even- and odd-m subspaces are each isomorphic to the orig-
inal Hilbert space. (c) Decomposition into a tensor product
of a qubit subsystem and a gauge mode, where the parity of
m defines a logical qubit.
partitioned-position basis since it partitions the position
value s = αm+u into a bin number m ∈ Z and a modular
position u ∈ [−α/2, α/2) [29]. This basis is convenient for
representing states with discrete translation symmetry—
notably the codewords of the GKP encoding of a qubit
in an oscillator [30].
We identify a logical-qubit subsystem using the par-
ity P (·) of the bin-number operator mˆ, see Fig. 1. De-
composing the position operator (and its eigenstates),
qˆ = αˆ` + 2αmˆG + uˆG with ˆ` := P (mˆ), uˆG := uˆ, and
mˆG :=
1
2 (mˆ− ˆ`), gives the basis states,
|s〉q = |m,u〉= |`〉L ⊗ |mG, uG〉G . (1)
The logical qubit (denoted by subscript L) emerges from
the m-parity states |0〉L and |1〉L. The m-parity operator
ˆ` acts as a projector: ˆ`= |1〉LL〈1| = 12 (IˆL − ZˆL) , where
IˆL and ZˆL are logical identity and Pauli-Z operators,
respectively. The states |mG, uG〉G, with mG ∈ Z and
uG ∈ [−α/2, α/2) constitute the partitioned-position ba-
sis for the gauge mode, denoted by subscript G. (One
can also define a gauge position basis |sG〉q,G, where
sG = αmG + uG.)
Together, the states |`〉L and |mG, uG〉G form a subsys-
tem basis for the joint Hilbert space of the logical qubit
and the gauge mode, IˆCV = IˆL ⊗ IˆG =
∑
` |`〉LL〈`| ⊗∑
mG
∫
duG |mG, uG〉GG〈mG, uG|. Quantum operations
can be decomposed in this basis to interpret their actions
on the two subsystems. Operations affecting only the
gauge mode do not disturb the encoded information, al-
though physical CV operations typically affect both sub-
systems and may entangle them.
In a subsystem basis, any pure CV state |Ψ〉 has a
Schmidt decomposition
|Ψ〉= √pa |ψa〉L ⊗ |φa〉G +
√
pb |ψb〉L ⊗ |φb〉G , (2)
with Schmidt coefficients
√
pj ≥ 0. When only one of
these coefficients is nonzero, Eq. (2) is a tensor-product
state encoding a pure logical qubit; see examples in Ta-
ble I. More generally, the logical qubit and gauge mode
CV state Partitioned-position basis Subsystem basis
|0〉q |0, 0〉 |0〉L ⊗ |0〉q,G
|0〉p
∑
m
∫
du |m,u〉 |+〉L ⊗ |0〉p,G
|`GKP〉 ∑m |2m+ `, 0〉 |`〉L ⊗ |+GKP〉G
Table I. Representations of various (unnormalized) CV states,
with sums taken over Z and integrals over the interval
[−α/2, α/2).
are entangled. Further, the CV state ρˆ can be mixed.
The logical state ρˆL is isolated by tracing over the gauge
mode:
ρˆL = TrG[ρˆ] =
∑
mG∈Z
∫ α/2
−α/2
duG G〈mG, uG|ρˆ |mG, uG〉G ,
(3)
with any entanglement between subsystems decohering
the logical state. In analogy to averaging over error sub-
spaces in a qubit subsystem code [31], the gauge trace
isolates the qubit state within any CV state (for a given
subsystem decomposition). This provides an advantage
over bosonic subspace codes, which can fail to capture
encoded information in a CV state, for instance when
the state (typically a damaged codeword) has little or no
support in the code’s subspace.
A measure to compare two encoded CV states ρˆ, σˆ is
given by the logical fidelity,
FL(ρˆL, σˆL) :=
(
Tr
[√√
σˆLρˆL
√
σˆL
])2
, (4)
where ρˆL, σˆL are obtained from the CV states via the
gauge trace. This logical fidelity was used in Ref. [20]
to show that two orthogonal CV states can encode the
same logical state with FL → 1.
Subsystem description of the GKP encoding.—
The subsystem decomposition in Eq. (1) gives new a
perspective on bosonic error-correcting codes. We fo-
cus on the GKP encoding [18], notable for its favor-
able error-correcting properties and all-Gaussian gate
set [5, 10, 32, 33]. The GKP codewords, |`GKP〉 =∑
m∈Z |(2m+ `)α〉q with ` ∈ {0, 1}, have position-space
wavefunctions that are Dirac combs with spacing 2α.
Due to their periodic structure, each of these states is
compactly represented in the partitioned-position basis
with spacing α; see Table I. In the subsystem basis,
Eq. (1), GKP states are product states between the log-
ical and gauge subsystems: |ψGKP〉 = |ψ〉L ⊗ |+GKP〉G.
In fact, any 2α-periodic state is a product state in this
basis—the logical and gauge subsystems are unentan-
gled. An example is the momentum eigenstate, |0〉p =
(2pi)−1/2
∫
ds |s〉q = |+〉L ⊗ |0〉p,G, which encodes the
same logical information as |+GKP〉 but with a different
gauge-mode state. That is, both |+GKP〉 and |0〉p encode
the same outcome probabilities for the computational-
3basis measurements laid out in the original GKP for-
mulation: binned homodyne detection [18]. Differences
arise when the states are transformed under logical oper-
ations or suffer errors—a state whose gauge mode is near
|+GKP〉G will be more resilient to errors (see below).
GKP Pauli-X and Z gates are implemented by posi-
tion and momentum shifts, Xˆ(s) := e−ispˆ and Zˆ(t) :=
eitqˆ, for s = α and t = pi/α. For GKP codewords,
these shifts act as the intended Pauli gates on the log-
ical qubit: Xˆ(α) |ψGKP〉 = XˆL |ψ〉L ⊗ |+GKP〉G, and
Zˆ(pi/α) |ψGKP〉 = ZˆL |ψ〉L ⊗ |+GKP〉G. Arbitrary shifts
act asymmetrically due to the choice to decompose in
the qˆ basis. Since Zˆ(t) is diagonal in qˆ, momentum shifts
have a tensor-product structure: Zˆ(t) = eitα/2RˆzL(tα) ⊗
eit(2αmˆG+uˆG), where RˆzL(θ) := e
−iθZˆL/2 performs a rota-
tion by θ around the logical z-axis. Arbitrary position
shifts, Xˆ(s), in general entangle the subsystems, a fea-
ture that will be explored in future work [34]. However,
any position shift on a GKP state that changes the value
of ` implements a logical XˆL, with differences only in how
the gauge mode is affected. Although small momentum
shifts have logical effects, both position- and momentum-
shifted GKP states maintain their tensor-product struc-
ture.
The shift freedom of the GKP encoding is the founda-
tion for its resistance to errors. Shift errors in position by
less than |α/2| (and in momentum by less than |pi/2α|)
are perfectly correctible [35]. The subsystem description
based on modular position tells us why: small position
shifts do not disturb the logical qubit—they act solely
on the gauge mode, as do their corrections. Small mo-
mentum shifts rotate the qubit by an amount revealed
by measuring the gauge mode; displacing the full state
back undoes this rotation. The asymmetry in shift er-
rors translates to biased noise at the logical-qubit level,
which may be exploited for improved code performance
[36–39]. GKP error correction corresponds to measure-
ment of the gauge mode in the modular representation
of Ref. [24] and returns it to |+GKP〉G through displace-
ments.
Approximate GKP states.—The subsystem de-
composition identifies the logical state in imperfect
bosonic encodings, allowing quantitative characterization
of the encoding quality using the logical fidelity. Finite-
energy approximations to GKP states have nonorthogo-
nal CV wavefunctions [18, 32, 40]; thus, it is unclear that
such states faithfully encode intended qubit states.
Consider pure, approximate GKP states, whose
position-basis wavefunction ψGKP(s) is given by a 2α-
periodic superposition of Gaussian spikes, each with
variance ∆2. The complex amplitudes of every other
spike are determined by the intended qubit state |ψ〉 =
a |0〉+b |1〉. A comb of normalized Gaussians can be writ-
ten as
∑
m∈ZG∆2(s − 2αm) = 12αϑ( s2α , 2pii∆
2
4α2 ), where
ϑ(z, τ) :=
∑
m∈Z exp
[
2pii
(
1
2m
2τ +mz
)]
is a Jacobi theta
0.6
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Figure 2. Encoding quality of approximate square-lattice
GKP states (α =
√
pi) intended to encode the qubit state |+〉.
(a) Logical Bloch vector in the xz-plane for |+GKP〉 states
with fixed spike width ∆ = 0.1 and varying envelope pa-
rameter κ. Wavefunctions (solid blue) and envelopes (dashed
black) are shown for κ ∈ {0.05, 0.3, 0.75, 2} to illustrate var-
ious approximate GKP states (A–D). For large envelopes,
κ  1, the logical qubit faithfully encodes |+〉. For small
envelopes, κ  1, the logical state approaches |0〉L, because
the envelope damps all spikes except the one centered at zero.
(b) Encoding quality captured by the logical fidelity, Eq. (4),
and logical purity Tr
[
(ρˆL)2
]
.
function of the third kind. A broad Gaussian envelope
with variance κ−2 damps spikes far from the origin, mak-
ing the state physical [41]. We compactly express an
approximate-GKP wavefunction as
ψGKP(s) =
e−
κ2
2 s
2
√N
[
aϑ
( s
2α
, τ∆
)
+ bϑ
(s− α
2α
, τ∆
)]
,
(5)
with τ∆ :=
ipi∆2
2α2 and normalization N [21]. The limit
∆, κ→ 0 gives a normalized, ideal GKP state [42].
Each approximate GKP state encodes a (potentially
mixed) logical state ρˆL whose encoding quality is de-
termined by the logical fidelity with the intended qubit
state, FL(ρˆL, |ψ〉〈ψ|). Figure 2 investigates encoding
quality for |+GKP〉 states (a = b = 1√2 ). For very good
position spikes, ∆ α, the logical state is
ρˆL = 12ϑ(0,4τ ′)
(
ϑ(0, τ ′) e
−α2κ2
4 ϑ
(
1
4 , τ
′)
e
−α2κ2
4 ϑ
(
1
4 , τ
′) ϑ( 12 , τ ′)
)
, (6)
where τ ′ := 12τ∆(∆
2 + κ−2). This state limits to |+〉L
for small κ (large envelope) and to |0〉L for large κ (small
envelope), in agreement with Fig. 2(a).
From the perspective of the subsystem decomposition,
approximate GKP states describe imperfectly encoded
4mode 2mode 1
Figure 3. Graphical representations of states in the subsys-
tem decomposition. Different line styles indicate edge weights
from Eq. (7). (a) Logical-gauge entanglement structure for an
infinitely squeezed two-mode squeezed state. The decompo-
sition of a single-mode state |0〉p is grouped inside the dotted
lines. (b) A modular-position measurement on mode 1 discon-
nects the middle node, indicated by dashed lines. (c) Then,
a similar measurement on mode 2 fully disentangles the log-
ical two-qubit cluster state. (d) Entanglement structure in a
linear CVCS.
qubits in an ideal translation-symmetric code, just as
GKP originally interpreted them [18].
Hidden qubit cluster states.—Continuous-variable
cluster states (CVCSs) enable universal, fault-tolerant
quantum computing when used with GKP-encoded
qubits [19]. While quantum computing with CVCSs has
no built-in definition of a qubit [43], we have shown
above that |0〉p momentum eigenstates, which comprise
the CVCS, encode logical |+〉 states. Here, we decom-
pose the CV unitary gates between modes to reveal that
a CVCS contains a logical-qubit cluster state entangled
with the gauge modes. Modular-position measurements
[44, 45] disentangle the logical-qubit cluster state.
A CVCS is constructed by entangling modes pairwise
using the two-mode gate CˆZ [g] := e
igqˆ⊗qˆ. Decompos-
ing this gate in the subsystem basis gives a product of
nine commuting gates: CˆZ [g] =
∏
A,B Cˆ
Z
A,B [g], where
CˆZA,B [g] := e
igAˆ⊗Bˆ is a generalized controlled-Z gate,
with labels A,B each ranging over {α`, uG, 2αmG}. For
g = 1 and α =
√
pi, products giving 2pi × integer reduce
to the identity, leaving
CˆZ [1] = Cˆ
Z
LCˆ
Z
{√pi`,uG}[1]Cˆ
Z
uG,uG [1]Cˆ
Z
{√pimG,uG}[2], (7)
where CˆZL := exp (ipi ˆ`⊗ ˆ`) is a logical controlled-Z gate,
and CˆZ{A,B}[g] := Cˆ
Z
A,B [g]Cˆ
Z
B,A[g]. The second gate
above entangles the logical subsystems with the gauge
modes, and the two final gates act solely on the gauge
modes.
A pedagogical case is an ideal two-mode CVCS (locally
equivalent to an EPR pair [46]), where each mode is ini-
tially prepared in a zero-momentum eigenstate, |0〉p =
|+〉L⊗ |0〉p,G (see Table I). Decomposing the state using
Eq. (7) gives
CˆZ [1] |0〉⊗2p = CˆZ{√pi`,uG}[1]
( |CS〉L ⊗ |Φ2〉G ) , (8)
where |CS〉L := CˆZL |+〉⊗2L is a “hidden” two-qubit clus-
ter state entangled with two-gauge-mode state, |Φ2〉G :=
CˆZuG,uG [1]Cˆ
Z
{√pimG,uG}[2] |0〉
⊗2
p,G. The logical-gauge entan-
glement structure of this state is shown in Fig. 3(a). The
top row depicts the two-mode CV state, and the lower
rows give its subsystem decomposition, with gauge modes
represented in the partitioned-position basis (see Fig. 3
legend). Edges represent generalized controlled-Z gates
with weight 1 (single line) and weight 2 (double line).
The logical qubits can be disentangled by resetting
their modular position—similar to (partial) gauge-fixing
[47, 48]. Regardless of the gauge-mode state, a modular-
position measurement on mode 1 followed by a uG-shift
to uG = 0 disconnects the middle node, Fig. 3(b), and
projects the CV mode into |+GKP〉. GKP error correc-
tion [18] on just the qˆ quadrature realizes this measure-
ment on a single mode; applied to both modes, it pro-
duces a GKP-encoded cluster state, which features a dis-
entangled logical-qubit cluster state [Fig. 3(c)]. Due to
gauge freedom, there are other ways to disentangle the
logical-qubit cluster state, for example by performing the
inverse of the logical-gauge entangling gate followed by
any gauge-mode unitary. However, this does not, in gen-
eral, leave the CV modes in a GKP cluster state.
Decomposing a CVCS follows the same pre-
scription. An ideal, N -mode CVCS is given
by |CVCSV〉 := CˆZq,q[V] |0〉⊗Np , where CˆZA,B[V] :=∏
j<k Cˆ
Z
Aj ,Bk
[Vjk] for length-N vectors A and B, and
V is an N ×N , real, symmetric, zero-diagonal adjacency
matrix for a graph encoding the connections and interac-
tion strengths [49]. When V has binary entries (an un-
weighted graph), we find a hidden, N -qubit cluster state
|CSV〉L := CˆZL [V] |+〉⊗NL entangled with an N -mode
gauge state |ΦN 〉G := CˆZuG,uG [V]CˆZ{√pimG,uG}[2V] |0〉
⊗2
p,G
via the interaction operator CˆZ{√pi`,uG}[V]. Figure 3(d)
shows a linear CVCS with Vi,i+1 = 1. Modular-position
measurements of the gauge modes (and subsequent uG-
corrections) disentangle the logical-qubit cluster state.
Conclusion.—Continuous-variable quantum infor-
mation is plagued by the curse of infinity—with ad
hoc methods designed to accommodate subspace-encoded
qubits. We have presented a broadly applicable
framework—the subsystem decomposition—to divide a
bosonic mode into virtual subsystems. This technique is
a flexible mathematical construction. For example, the
decomposition presented above can be performed on any
quadrature using any bin size α. An entirely different
subsystem decomposition based on binning Fock space
can be used to analyze bosonic codes with discrete rota-
tion symmetry [50, 51].
Once a subsystem decomposition is performed, the
5gauge trace identifies the logical qubit, giving access to
the tools of qubit quantum information [20, 22]. One can
go further still: decompose any CV quantum operation to
uncover its action on the subsystems. For bosonic error-
correcting codes, this procedure gives a direct map from
CV noise to logical error channels [34]. The framework
also has applications beyond quantum computing; for ex-
ample, to study non-Markovian reduced-state dynamics
of the logical qubit.
While we focused here on qubits, the immense Hilbert
space of a bosonic mode allows for other discrete subsys-
tems. Encoding a logical qudit in the paritioned-position
basis is straightforward: define the logical basis states
using m mod d, where d is the qudit dimension. A dif-
ferent extension encodes multiple qubits in a “Russian
nesting doll” fashion: decompose the gauge mode using
the parity of mG, and then repeat this process.
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